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Abstract. In this paper, the stress solution for a square notch with small round corners is studied. The square notch is
composed of two portions, or the matrix and the inclusion. The elastic property of the inclusion portion is different to
that of the matrix. Remote loading is applied. When the dissimilar inclusion is embedded in the matrix, the stress state
in the inclusion will be changed significantly. The interface conditions along interface are formulated exactly. Complex
variable function method is used to solve the problem. The complex potentials in the matrix and the inclusion are
assumed in different structure. In the formulation, the number of the equations is larger than that of the unknowns.
Therefore, the weight residue technique is used to solve the algebraic equation. The tangential, normal and shear stress
components along the interface from the matrix and inclusion side are evaluated from the solution of the algebraic
equation. In the computation, significant stress concentration has been found for the tangential stress component.

Keywords. Dissimiler inclusion, inhomogeneity, complex variable method, weight residue technique, stress
concentration factor.

1. Introduction

The notch problem plays an important role in machine design, simple because the stress concentration happens at the
small radius corner. The complex variable method is a powerful tool to solve the problem [1]. Many solutions for notch
problem in plane elasticity were developed [2]. In old years, one could not complete the relevant computation for lacking
of modern computer. Therefore, the previously obtained solutions in this field were not significant.

From the definition proposed in [3], inclusions can be categorized by into inhomogeneous inclusions, homogeneous
inclusions and inhomogeneities. For a wide range of the inclusion problem, two survey papers were published [4, 5].

A solution is presented for determining the stresses in an infinite elastic plate containing a rectangular inclusion
subjected to a uniform stress field [6]. The point matching method is used to find the final solution. A boundary integral
equation approach was used to solve an infinite anisotropic elastic inclusion problem subjected to remote loading [7]. The
stress analysis of inclusion problems of various shapes in an infinite anisotropic elastic medium was carried out. Antiplane
study on confocal elliptical inhomogeneity problem using an alternating technique was carried out [8]. For the multi-
inclusion problem under antiplane shears, dual null-field integral equation was suggested [9].

Faber series method for plane problems of an arbitrarily shaped inclusion was suggested [10]. The internal stress field
of a three-phase elliptical inclusion was considered [11]. The inclusions are bonded to an infinite matrix through an
interphase layer when the matrix is subjected to remote uniform stresses. The stress state for the three-phase composite
with an inclusion of arbitrary shape was studied [12]. In the formulation, three phases take different elastic constant.
Transfer matrix method is used for the solution of multiple elliptic layers with different elastic properties [13].

In this paper, the stress solution of for a square notch with small round corners is studied. The square notch is composed
of two portions, or the matrix and the inclusion. The elastic property of the matrix portion is different to that of the
inclusion. Remote loading is applied. Complex variable function method is used to solve the problem. The continuation
conditions for traction and displacement along interface are formulated. Those conditions are satisfied in the sense of least
residue. Therefore, the final solution will be evaluated from weight residue technique. The continuation condition for
stresses along interface is examined. The stress concentration factors are evaluated.

2. Analysis

The solution of dissimilar inclusion problem for square notch with small round corners with remote loading are
investigated in this paper (Figurel). In the matrix side, two elastic constants are denoted by G, , x,, and inclusion side

©

by G, ,k,with k, = K, . The remote loadings are denoted by csiO , Oy .

The following analysis depends on the complex variable function method in plane elasticity [1]. In the method, the
stresses (0, ,0,,0,, ), the resultant forces (X, Y) and the displacements (u, v) are expressed in terms of two complex

potentials ¢(2) and W (2) such that

o, +c,=4Re¢'(2)

c, —o, +2ic,, =2[2¢"(z) + v'(2)] )
F=-Y+iX = §(2) + 2¢'(2) + v(2) @)
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2G (U + V) = kd(2) — 2¢'(2) — v (2) @3)

where z=x+iy denotes complex variable, G is the shear modulus of elasticity, k = (3 — v) /(1 + v) is for the plane stress

problems, k = 3 — 4v is for the plane strain problems, and v is the Poisson’s ratio. In the present study, the plane strain
condition is assumed thoroughly.
In the analysis, we use the following conformal mapping for the square notch configuration (Figure 1) [1]

1 , 1
z=0()=¢——>, 0'(g)=1+_— 4
6g 2¢

which maps the infinite region exterior to the square notch contour % (in the z-plane) into exterior region of unite circle
A (inthe ¢ -plane) (Figure 1).

In addition to the analytic function @(g) , we can define the following analytic function [1]

_1 1 1, 1
o (g)=0()=0() =-—¢ +— )
G S 6 G

Clearly, along the unit circle in the ¢ -plane with the relationg =1/ ¢, we have the following property

z— 0(Q)=0,(c) , of Z=w,(¢)=w(c) , (forceA) ®)

Two complex potentials ¢,..(z) , v,,.(z) are assumed for the matrix portion, and other two complex potentials

$,,(2), y,,(z) are assumed for the inclusion portion (Figure 1).

From Egs. (2) and (3), the displacement and traction continuation conditions along the interface can be expressed as
follows

01+ (2) + 2010 (2) + W14 (2) = 0,0(2) + 205, (2) + W5, (2) . (z€Z) 7

G {10164 (2) = (Z05,+(2) + W10 (2))} = G {K ;95 (2) = (295, (2) + W5, (2))} . (2 € X)) ®)

Two complex potentials in the matrix portion are assumed in the following form
(I)lo*(z) = rz + ¢1o (Z) Wlo* (Z) = rjl_z + \Jrilo (Z) (9)

Where I"and I’ are defined by
o, +o, G, -0
r= T r=—— (10)

For the inclusion side, we cannot use the conformal mapping, and two complex potentials are assumed in the following
form

N N
0,0(2) =D ¢ 2% y,(2)=>d, 2%, (zes) (11)
k=1 k=1

Substituting Egs. (9) and (11) into Eqgs. (7) and (8) yields
{010(2) + 201 (2) + W1 (2)} = {02, (2) + 205, (2) + W, (2)} = -2I'Z -T2, (z€X) (12)

G K191, (2) = (93, (2) + w1 (2N} = G i{K, 05, (2) = (295, (2) + W (2))} = -G {(x, - DI'Z -T2}, (
zeX) (13)

In the eigenstrain problem, similar interface formulation can be found from [13].
In the matrix side, the following complex potentials are defined

¢, (2) =¢,(0) =D a,s ¥y, (2) =y,()=> b, ™, (ges!) (14)
k=1

k=1

z=0(g) z=0(g)

By using Eq. (14), Egs. (12) and (13) can be rewritten as
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{M+%‘“(QUwl(g)}—{M+f¢;o(z)+wzo(z)}=

= 2TZ-Tz., (ze3 ,orgeA) (15)
G {x,0(c) - (%t)@ (O} = G {80 (2) — (200 () + v, (20)} =

= G, {(x,-)rZ-Tz}, (zeX,0rceA)) (16)

We may take the following integral operator (using the resultdc = de'® = icd6 )

_ 1 j _i j+1
I—EL {.}3c'dc ,or 1= - jA {.}c"de (17ab)

to both sides of Eq. (15) and (16).

from inclusion Fa 21 from matrix
side Ou: Cal side
o o zef” ‘\ G, , Gll
= T \ /z
G, x y “getau,’ n ce S,
z-plane VA
R S=£+I plane
P o
ze§& 1
G, x £
a
e < J¥ A
(@) (b)

Figure 1. The loading and mapping relation for a square notch with small round corners (a) the loading condition and the material
property in the formulation, (b) the unit circle configuration in the ¢ =&+ inplane

In the following particular case, we have
1 i . . s -
| = Z_JA ¢'dg= 8, (with definition 0;=1,if ] =-1,and §; =0,if j #-1) (18)
i

For some cases in Eq. (17ab), for example, the integrand {..} take the following form,
N

N
{3 =0,,@)=>¢,2%" or {.} =y, (2)=> dz* | where z must be changed by ®(c). andZ by

k=1 k=1

o, (g) referred to Eqs. (4) and (5). In those integrands, the highest one is gBN’3, and lowest is¢
6N-3

—(6N-3)

. Simply for
finding the role of term ¢ in the integration shown by Eq. (17ab), we can choose j=-6N+2 (note 6N-3-6N+2=-1).

—-6N+3

Similarly, for finding the role of ¢ in the integration shown by Eq. (17ab), we can choose j=6N-4 (note -6N+3+6N-

4=-1). In conclusion, we need to use the integral operator shown by Eq. (17ab), from j=-6N+2. -6N+4, -6N+6,.....to 6N-
4. The total amount for using integral operator is 6N-2 times.

For some cases in Eq. (17ab), for example, the integrand {..} take the following form,

N N
{.3=0,,@)=¢c,z%?  or {.} =y, (2) = > d z® | where z must be changed by ®(c) .andZ by
k=1 k=1

—~(6N=3)

o, (c) referred to Egs. (4) and (5). In those integrands, the highest one is gSN'3, and lowest is¢g . Simply for
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-3

finding the role of term gBN in the integration shown by Eq. (17ab), we can choose j=-6N+2 (note 6N-3-6N+2=-1).

-6N+3

Similarly, for finding the role of ¢ in the integration shown by Eq. (17ab), we can choose j=6N-4 (note -6N+3+6N-

4=-1). In conclusion, we need to use the integral operator shown by Eq. (17ab), from j=-6N+2. -6N+4, -6N+6,.....to 6N-
4. The total amount for using integral operator is 6N-2 times.

1 - 1 -
When performing the integral operator | = —I {.}c'dc ,or I = —I {.}¢ 40 shown by (17ab) to Eq.
2mi A 2w °A
(15) and (16), in some simple case, for example, if{...} ={c™}, we can use Eq. (18). Otherwise, we have to use the

1 .
numerical integration technique. Similar formulation for the use of the integral operator | = 2_'[" {.} gj dg can be
Tl

found in [13].
After using 6N-2 times of integration shown by Eq. (17ab) to both sides of Eqgs. (15) and (16), we will obtain the
following algebraic equation.

[Q](lZN—4)><4N {3 ={9kon s (19)

where [Q](12N74)X4N represents the matrix in the algebraic equation derived from left hand terms in Eqgs. (15) and (16),
{9},,n_4 represents the vector in the algebraic equation derived from right hand terms in Egs. (15) and (16). In Eq. (19),
the following vector {f},, is defined by

{f},, ={a,.a,..a,, b,,b,..b, c,,c,..cy, d;,d,..d } (20)

which represents the unknowns in the studied problem.

In the derivation, because the number of equations (=12N-4) is larger than the number of unknowns (=4N), the
algebraic equation shown by Eq. (19) cannot be satisfied exactly. Therefore, Eq. (19) is satisfied and solved in the sense
of minimum of weight residue, which can be referred to [14].

After the vector {f},, ={a,,a,..a,, b,,b,..b,, ¢,,c,..c, d,,d,..d} is evaluated by using the least
square technique, the stress field of the matrix side and the inclusion side can be evaluated from Eq. (1).
In addition, if direction cosine to the contour X is denoted by (cos B sin B) (Figurel), the stress components G,

o, and o, can be evaluated by

G, =0,c08"B+o, sin’P+2c, sinPcosP, o, =c,sin’B+oc, cos’p- 20, sin Bcos P
G, = (-0, +0,)sin Bcos B +o,, (cos B —sin*p) (21)

So far the theoretical derivation is completed.

2. Numerical examples

Four numerical examples are presented below. In all four examples, for the elastic constant, we choose G, =1and
K, = K, =1.8. In the first, second and third and fourth example, it is assumed G, =0.2 ,G, =0.5, G, = 2and
G, =5 respectively. The assumed remote loading is denoted by c: = c; = p. N=12 terms are truncated in series

expansion for complex potential.
Example 1

In the first example, the case for two phases is considered (Figure 1). It is assumed G, =0.2 in the first example. This
is the soft inclusion case.
The stress solution along the interface from matrix side at Z = () with ¢ = e' is denoted by

6,=0,0)p.c,=9,0)p, 6, =09,,(0)p (from matrix side along interface) (22)

wherec =c  =p.
Secondly, in the case of x, =k, , from Eq. (13) we see that the final solution solely depends on the ratio G, /G, . In

this case, two options (a) G, =1kg /cm?,G, = 0.2kg /cm?, or (b) G, =1, G, = 0.2, will give the same final
solution.
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There was a theorem in [1&44]. It was said in the theorem, if the tractions along the contour of matrix is in equilibrium,
the solution for stresses at the matrix portion does not depend on the elastic constant. Therefore, for example the stress

component along the interface can be expressed in the form ¢, =g,,(0)p (p =0, =)

In addition, the stress solution along the interface from inclusion side at Z = (g) with ¢ = e" is denoted by
G,,=0,0)p,c,=09,0)p,c,, =0,,(0)p (frominclusion side along interface) (23)

The computed results are plotted in Figure 2.

From Figure 2, it is seen that the condition g ,(0) =9,,(0)and g.,(0) =g,,,(0) are almost satisfied. The
g,,(0) value researches its maximum 2.71288 at the point 0 = 45 °, and d,,(0) value researches its minimum 0.16618

at the point® = 45° . It is known that, ifG, =0, wehave g, (6) | =6 [14]. That is to say, the stress concentration

factor is reduced to 45.21%.

0=45°

3.0 1
2.71288 —= .,
A % 2:59 - . from matrix side 1 G,=1G,=0.2 case
2 o 1— from inclusion side 2 / ;
O N 20 g 3
= O )
7 o
T < N
c o 154 K
3 2 4
o & P
2 2 04T 0.33872 os 0.
P, nl
= & 0.35314 n2
c .
S o o0s
z o 92 0.16618 9nt1 Ineo
0.0 1
-0.5 T T T T T T T T T T T 1
0 15 30 45 60 75 90
0 (degree)

Figure 2. Non-dimensional stresses g,,(0),9,(0), 9,,(6) from matrix side, and g_,(0) ,9,,(8), 9,,(0) from inclusion side
along the interface in the case of G, =1 G, = 0.2 [see Figure 1 and Egs. (22) and (23)].

Example 2
In the second example, the case for two phases is considered (Figure 1). Itis assumed G, =0.5 in the second example.

This is the soft inclusion case. Same notations shown by Egs. (22) and (23) are still used in this example. The computed
results are plotted in Figure 3.

From Figure 3, it is seen that the condition g ,(0) =9,,(0)and g,.,(0) =g,,,(0) are almost satisfied. The
g,,(0) value research its maximum 1.51337 at the point 0 = 45° | and g,,(0) value research its minimum 0.11331 at
the point0 = 45° . It is known that, if G , =0, we have g,,(0) | =6. That is to say, the stress concentration factor

is reduced to 25.22%.

0=45°
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- - from matrix side 1
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Figure 3. Non-dimensional stresses g,,(08),9,(0), g,,(6) from matrix side, and g,_,(0),9,,(8), g,,(0) from inclusion side
along the interface in the case of G, =1 G, = 0.5 [see Figure 1 and Egs. (22) and (23)].

Example 3

In the third example, the case for two phases is considered (Figure 1). It is assumed G, =2 in the second example.
This is the rigid inclusion case. Same notations shown by Egs. (22) and (23) are still used in this example. The computed

results are plotted in Figure 4.

From Figure 4, it is seen that the condition g,,(0) =9,,(0)and g,,(8) =g,.,(0) are almost satisfied. The

g,,(0) value research its maximum 0.80088 at the point® = 45° , and g, () value research its minimum -0.14176 at

the point® = 45° . It is known that, if G, = 0, we have g,,(0) |

is reduced to 13.35%.

Non-dimensional stresses

Figure 4. Non-dimensional stresses g,,(0),9,(0), g

9n1 9t1 9ntl 9n2 9t2 Int2
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o450 =6. That is to say, the stress concentration factor

0.80088

- - from matrix side 1

— from inclusion side 2
G1=1 G2=2 case

) / ; N ;
] 0.14176 9t G

T T T T
0 15 30 45 60 75 90

0 (degree)

() from matrix side, and g,,(6) ,9,,(0), g,,(6) from inclusion side

nt1

along the interface in the case of G, =1 , G, = 2 [see Figure 1 and Eqgs. (22) and (23)]
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Example 4
In the fourth example, the case for two phases is considered (Figure 1). It is assumed G, =5 in the second example.

This is the rigid inclusion case. Same notations shown by Egs. (22) and (23) are still used in this example. The computed
results are plotted in Figure 5.

o N
Q E 154 1.65689 —
B o /
R )
» 2 e
= (él - - from matrix side 1
c o %7 —from inclusion side 2
9o o4 g
s 2 | . Gu
So [ T
£ o 0.76363
5 & 05
c
S ¢
2 o

0.0 4+

9 -
o ”7_’_\, =5
-0.32206 — gml\gmz
0.5 T T T T T T T T T T T 1
0 15 30 60 75 90

45
0 (degree)

Figure 5. Non-dimensional stresses g,,(08),9,(0), g,,(6) from matrix side, and g _,(0) ,9,,(8), g,,(0) from inclusion side

nt2

along the interface in the case of G, =1 G, =5 [see Figure 1 and Eqgs. (22) and (23)].

From Figure 5, it is seen that the condition g ,(0) =9,,(0)and g,.,(0) =g,,,(0) are almost satisfied. The
g,,(0) value research its maximum 0.76363 at the point 0 = 45°  and d,,(0) value research its minimum -0.32206 at

the point® = 45° . It is known that, if G , =0, we have g,,(0) | =6. That is to say, the stress concentration factor

is reduced to 12.73%.

0=45°

3. Conclusions

The weight residue technique for the solution of dissimilar inclusion problem for square notch with small round
corners in plane elasticity is suggested. A very accurate numerical technique for solving the square notch problem with

small round corners was developed. This can be seen froms ,(0) = 5,,(0), 5,,(0) = 5,,,(0) (here, footnote 1- from
matrix side, footnote 2- from inclusion side), which were plotted in Figures 2 to 5. Particularly, for a rigid inclusion case,
for example, G , = 5, the relevant stress concentration factor can be reduced to 12.73%.

For the inclusion with arbitrary configuration, there is no effective technique to solve the dissimilar inclusion problem.
Probably, the boundary integration equation method is way to solve the problem.

Declaration of Competing Interest: None.
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